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Verification of the semiclassical method for an electron
moving in a homogeneous magnetic field
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Physics Department, Tomsk State University, Tomsk 634050, Russia
(November 1, 2018)
A procedure based on the semiclassical approximation for high energy levels is developed to
yield solutions to the classical equation of charge motion and to the Bargmann-Michel-Telegdi spin
equation. To this end, exact solutions to the Klein-Gordon and the Dirac-Pauli equations are used.
The essence of the procedure under review is that the quantum state of a charged particle in a
homogeneous magnetic field is represented as a superposition of states corresponding to the neigh-
boring energy levels. As a consequence, the behavior of the expectation values of the momentum
and spin operators with respect to the resulting nonstationary wave function (packet) strictly obey
the classical equations of charge motion and spin precession.
PACS number(s): 03.65.Sq, 41.60.Ap, 03.50.De
I. INTRODUCTION
In the semiclassical approach, the charge motion is described in a classical way, and quantum transitions are
calculated on the base of matrix elements [1]. This method is known to be fairly in the ultrarelativistic case at
ultrahigh electron energies. For example, at energies of ∼ 2.5 GeV, which are typical for current storage rings with a
characteristic parameter Hρ ∼ 107 Oe cm the electron energy levels amount to n ∼ 1017. For radiative transitions to
lower energy levels, ∆n/n ∼ 10−7. In this case, according to the uncertainty principle, all quantum processes occur
in a region as small as a few angstroms (see [2] for details). Clearly, this is a negligible small value for an orbital
radius of about 10 m. Hence, the classical, or more precisely, semiclassical concept of the electron trajectory can be
used here.
In the theory of synchrotron radiation, the semiclassical method allows all quantum corrections to the synchrotron
radiation power, including the effects with spin-flip to be calculated [3,4]. This method is straightforward to use.
What is more, it provides a visual picture of physical processes occurring at ultrahigh electron energy (recoil effects,
radiative spin self-polarization, spin magnetic-moment radiation, mixed charge and magneton radiation, radiation
associated with the anomalous part of electron magnetic moment, etc.).
Despite of the impressive success of the semiclassical synchrotron-radiation theory rigorous mathematical substan-
tiation of this method based on exact solutions to the Klein-Gordon equation or to the Dirac-Pauli equation is, to
our knowledge, lacking heretofore. The basic statements of the theory were, in fact, postulated on the basis of the
uncertainty principle (see [1]).
In this paper, solutions to the classical equation of charge motion and to the Bargmann-Michel-Telegdi (BMT) spin
precession equation [5] are constructed in the framework of quantum mechanics, using nonstationary wave functions
(see general statements in [6]). The later are, in their turn, exact solutions to the Klein-Gordon equation or to the
Dirac-Pauli equation for a charged particle moving in a homogeneous magnetic field. A simplified version of this
method was used in [7] to reveal a physical pattern underlying the behavior of longitudinal electron-spin polarization
in a magnetic field. This approach is adopted in [3] to describe quantum neutron spin-flip transitions.
Our task is to explore the time evolution of the expectation values of the momentum and spin operators for a
charged particle moving in a homogeneous magnetic field. To demonstrate the capability of the method discussed, let
us examine the problem at hand first. In Sec. II, we will consider a scalar particle and compare the time evolution of
the expectation value of the momentum operator for this particle with the solution to the classical equation of charge
motion. These are found to differ by a factor. Sec. III will focus on a spin- 12 particle. In addition to evolution of
the expectation value of the momentum operator, we will discuss the behavior of the expectation value of the spin
operator. The latter also differs from the solution to the BMT equation by factor only. Finally, in Sec. IV, we will
introduce a procedure that will help to eliminate the difference between the quantum and classical approaches. To
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this end, the state of a particle will be represented by a wave packet so that the time evolution of expectation values
of the corresponding operators with respect to this nonstationary wave function will coincide with that predicted
classical mechanics.
II. MOTION OF A SCALAR PARTICLE
Let us assume that state of scalar particle is formed as a wave packet by superposing exact solutions to the Klein-
Gordon equation corresponding to three neighboring energy levels n− 1, n, and n+ 1:
Ψ(r, t) =
n+1∑
m=n−1
Amψm(r) exp(− i
~
m0c
2Bmt),
where ψm(r) are the stationary solutions to the Klein-Gordon equation in a homogeneous magnetic field (see Appendix
A) and Am are the expansion coefficients.
To determine the coefficients Am in the semiclassical approximation (n≫ 1), the probability that a particle will be
found at each of the levels is assumed to be the same. For n ≫ 1 this is natural assumption. Normalizing the wave
function Ψ(r, t) to unit probability yields a relation of the form
n+1∑
m=n−1
A∗mAm = 1.
In what follows an explicit form of Am is immaterial but different relations between these coefficients are of great
importance. In particular, we need the following equation
AKG = A
∗
nAn−1 +A
∗
n+1An =
2
3
.
Now let us calculate the expectation value of the momentum operator Pˆ in the state Ψ(r, t). In the first step
we calculate matrix elements of 〈ψm′ |Pˆ|ψm〉 type with respect to stationary solutions to the Klein-Gordon equation.
Then, using the semiclassical condition (n≫ 1) for each matrix element [see Eqs. (A2)] we write 〈Ψ|Pˆ|Ψ〉t in explicit
form to give
〈Pˆx〉t =
i
2
m0cb⊥ [AKG exp(iωt)− A∗KG exp(−iωt)] = −
2
3
m0cb⊥ sinωt,
〈Pˆy〉t =
1
2
m0cb⊥ [AKG exp(iωt)− A∗KG exp(−iωt)] =
2
3
m0cb⊥ cosωt,
〈Pˆz〉t = m0cbz.
Here
ω =
m0c
2
~
(Bn+1 −Bn) = e0H
m0c2Bn
→ e0H
m0c2γ
is the frequency which, in essence, coincides with the cyclotron frequency of rotation of a classical particle in a plane
perpendicular to the magnetic field vector. In this approximation, Bn → γ, where γ is the Lorentz factor.
This leads us to conclude that the expectation values differ from the corresponding classical solutions to the equation
of motion of a charged particle only by the factor (2/3) in the 〈Pˆx〉t and 〈Pˆy〉t components. Note that the same result
was also obtained in [8] for an ordinary one-dimensional quantum harmonic oscillator. In the discussion below we will
show that this factor can be made as large as unity.
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III. CHARGE MOTION AND SPIN PRECESSION OF A DIRAC-PAULI PARTICLE
When considering the Dirac-Pauli particle the spin polarization of the particle must be taken into account. A
superposition of exact solutions to the Dirac-Pauli equation corresponding to three neighboring energy levels n − 1,
n, and n+ 1 has the form
Ψ(r, t) =
∑
ζ
n+1∑
m=n−1
Aζmψmζ(r) exp(− i
~
m0c
2Bmζt), (1)
where ψm(r) are the stationary solutions to the Dirac-Pauli equation (see Appendix B) and Aζm are expansion
coefficients. Note that in this case, allowance is made for polarization states defined by a quantum number ζ = ±1.
Let us assume that a given longitudinal-polarization state at time t = 01 for an electron located at level m is of the
form
(σ · Pˆ)
∑
ζ
Aζmψmζ = λmAζmψmζ . (2)
Having solved Eq. (2) we find the eigenvalue
λm = ε
√
b2⊥ + b
2
z, ε = ±1.
In the semiclassical approximation, it can be supposed that for all values of m, the spin coefficients are the same, i.e.,
Ci(m, ζ) ≃ Ci(n, ζ) and, moreover, λm ≃ λn [see Eqs. (B3) and (B4)]. Then we have
A1m = κA−1m, κ =
bz + εb
√
b2⊥ + b
2
z
Bnζb⊥
.
Let us also require that the wave function Ψ(r, t) be normalized to unit probability. As a result, we get
∑
ζ
n+1∑
m=n−1
A∗ζmAζm = 1. (3)
In what follows we need the relations
A1 =
n∑
m=n−1
(A∗1mA1m+1 +A
∗
−1mA−1m+1) =
2
3
, (4a)
A2 =
n∑
m=n−1
A∗1mA−1m+1
=
n∑
m=n−1
A∗−1mA1m+1 =
2
3
κ
κ+ 1
, (4b)
A3 =
n+1∑
m=n−1
A∗1mA−1m =
κ
κ2 + 1
, (4c)
A4 =
n+1∑
m=n−1
(A∗1mA1m −A∗−1mA−1m) =
κ2 − 1
κ2 + 1
. (4d)
1It is known [7] that, with regard to the anomalous magnetic moment of an electron, the operator (σ · Pˆ) is not an integral
of motion.
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To simplify the calculations we suppose that, as an electron makes a transition from one level to another, the
projection of the momentum of the electron onto the direction of the magnetic field is conserved. In addition, random
deviations of the orbital center of the electron due to radiation are neglected. These restrictions imply that b′z = bz
and s′ = s (see Appendix B).
Now, by analogy to a spinless particle, we find the expectation value of the operator Pˆ in Dirac-Pauli particle
state (1) (see the corresponding matrix elements in Appendix B). As a result of straightforward but cumbersome
calculations, we derive, in view of these restrictions, the following equations:
〈Pˆx〉t =
i
2
m0cb⊥ [A1 exp(iωt)− A∗1 exp(−iωt)] = −
2
3
m0cb⊥ sinωt, (5a)
〈Pˆy〉t =
1
2
m0cb⊥ [A1 exp(iωt)− A∗1 exp(−iωt)] =
2
3
m0cb⊥ cosωt, (5b)
〈Pz〉t = m0cbz. (5c)
Here
ω =
m0c
2
~
(Bn+1ζ −Bnζ) = e0H
m0c2Bnζ
→ e0H
m0c2γ
is the frequency which in the BMT approximation (the charge motion is independent of the spin precession) coincides
with the cyclotron frequency of rotation of an electron in the plane perpendicular to the magnetic-field vector. In this
approximation, Bnζ → γ.
A similar procedure applies to calculations of the expectation value of the spin operator Sˆµ (see [9]) to yield
Sˆµ =
 1
m0c
(σ · Pˆ), ρ3σ + 1
m0c
ρ1Pˆ+
µa
m0c2
ρ3H
 .
Taking into account Eqs. (4), we obtain
〈Sˆx〉t = −
2
3
ζ⊥(cosωt sinΩat+ b sinωt cosΩat), (6a)
〈Sˆy〉t = −
2
3
ζ⊥(sinωt sinΩat− b cosωt cosΩat), (6b)
〈Sˆz〉t =
Bnζ
b
ζz +
bzb⊥
b
ζ⊥ cosΩat, (6c)
〈Sˆ0〉t =
bz
b
ζz +Bnζ
b⊥
b
ζ⊥ cosΩat. (6d)
Here ζ2z = 1 − ζ2⊥, ζ⊥ = 2κ(κ2 + 1)−1 are constants which, as we will be seen later, are analogous to some constants
in the classical spin theory. Thus, as in the classical approach, the total precession is determined not only by the
cyclotron frequency ω but also by the anomalous frequency
Ωa =
m0c
2
~
(Bnζ −Bnζ′) = 2µaH
~
b√
b2z + b
2
→ α
2pi
e0H
m0c
√
1− β2z .
Note that in the BMT approximation, the term comprising the anomalous magnetic moment in the spin operator
Sˆµ is immaterial for result (6).
We see that by analogy with the spinless charged particle, the results obtained in Eqs. (5a), (5b), (6a) and (6b) are
slightly different from the corresponding solutions to the classical equations of charge motion and spin precession by
the factor (2/3).
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IV. SEMICLASSICAL CORRESPONDENCE PRINCIPLE
To construct a more precise semiclassical theory of charge motion and spin precession, we will consider a wave
packet involving exact solutions to Dirac-Pauli equation (B2) corresponding to closely spaced energy levels2. In this
case, wave function (1) can be written in the following form:
Ψ(r, t) =
∑
ζ
∑
m∈ℜ
Aζmψmζ(r) exp(− i
~
m0c
2Bmζt), (7)
where ℜ is a set of values of the principle quantum number. Let us assume that each value of m in Eq. (7) belonging
to the set is much higher than unity, i.e., m≫ 1. At the same time, we have
n≫ N = mmax −mmin ≫ 1,
where mmax and mmin are maximum and minimum values belonging to ℜ, n is the quantum number from ℜ defining
some energy level to which a given classical trajectory corresponds. Let us further assume that the other energy levels
from the set are symmetric about level n.
The next natural step in our method is to derive the coefficients Aζm. The central idea of the derivation is the
same as in Eq. (3), i.e.,
A1m = κA−1m,
∑
ζ
∑
m∈ℜ
A∗ζmAζm = 1.
Then, relations (4) can be easily extended to the case under consideration, namely,
A1 =
mmax−1∑
m=mmin
(A∗1mA1m+1 +A
∗
−1mA−1m+1) =
N − 1
N
, (8a)
A2 =
mmax−1∑
m=mmin
A∗1mA−1m+1
=
mmax−1∑
m=mmin
A∗−1mA1m+1 =
N − 1
N
κ
κ+ 1
, (8b)
A3 =
∑
m∈ℜ
A∗1mA−1m =
κ
κ2 + 1
, (8c)
A4 =
∑
m∈ℜ
(A∗1mA1m −A∗−1mA−1m) =
κ2 − 1
κ2 + 1
. (8d)
Following the above procedure of calculating the expectation values of the momentum and spin operators and using
Eqs. (8) we obtain
〈Pˆx〉t = −
N − 1
N
m0cb⊥ sinωt,
〈Pˆy〉t =
N − 1
N
m0cb⊥ cosωt,
〈Pˆz〉t = m0cbz,
2It can be shown that there is a simpler form of this construction for the motion of a spinless charged particle.
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〈Sˆx〉t = −
N − 1
N
ζ⊥(cosωt sinΩat+ b sinωt cosΩat),
〈Sˆy〉t = −
N − 1
N
ζ⊥(sinωt sinΩat− b cosωt cosΩat),
〈Sˆz〉t =
Bnζ
b
ζz +
bzb⊥
b
ζ⊥ cosΩat,
〈Sˆ0〉t =
bz
b
ζz +Bnζ
b⊥
b
ζ⊥ cosΩat.
Thus, for N ≫ 1, the difference of 〈Pˆx〉t, 〈Pˆy〉t, 〈Sˆx〉t, and 〈Sˆy〉t from the results obtained by classical theory is
eliminated, and the time evolution of the expectation values 〈Pˆ〉t and 〈Sˆµ〉t are made to coincide with the solutions
to the corresponding classical equations [10].
It is easy to see that the anomalous magnetic moment of an electron has effect not only on the time behavior of
spin projection onto the direction of motion (longitudinal polarization) [7] but also on the behavior of spin in the
plane perpendicular to the magnetic-field vector, i.e., on the time evolution of 〈Sˆx〉t and 〈Sˆy〉t.
V. CONCLUDING REMARKS
It should be noted that 〈Sˆµ〉t derived in Sec. IV satisfy the relations given by the classical spin theory:
〈Sˆµ〉t〈Pˆµ〉t = 0, 〈Sˆµ〉t〈Sˆµ〉t = 1.
Moreover, the procedure under review can be extended to the tensor operator [9]
Πˆµν =
Φˆ, Πˆ ,
Φˆ = − 1
m0c
ρ3(σ × Pˆ) + µa
m0c2
ρ1(σ ×H),
Πˆ = σ +
1
m0c
ρ2(σ × Pˆ) + µa
m0c2
H,
which, in the BMT approximation, is related to Sˆµ by the formula [2]:
Πˆµν =
1
m0c
εµναβSˆαPˆβ .
Thus, the expectation values 〈Sˆµ〉t and 〈Pˆ〉t as well as 〈Πˆµν〉t calculated following the procedure discussed in
Sec. IV obey the classical equation of charge motion and spin precession. The approach introduced in this work
substantiates the use of the semiclassical method for gaining an insight into physical phenomena associated with
high-energy charged particles. In particular, the semiclassical approach can be the basis for a classical model for
certain purely quantum processes. For example, it can be used to establish a relationship between spin-flip transitions
and classical spin precession [3].
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APPENDIX A:
Motion of a scalar particle in a constant and homogeneous magnetic fieldH = (0, 0, H) is given by the Klein-Gordon
equation
(
1
c2
Eˆ2 − Pˆ2 +m20c2)ψ(r, t) = 0,
where Eˆ = i~∂/∂t is the energy operator, Pˆ = pˆ− (e/c)A is the kinetic momentum operator, A = (−Hy/2, Hx/2, 0),
e = −e0 < 0 is the charge, and m0 is the rest mass of the particle.
It is known that in this case, the wave function ψ(r, t) is to be the eigenfunction of the energy operator Eˆ as well
as z-components of the kinetic momentum operator Pˆ and orbital angular momentum operator Lˆ = r × pˆ onto the
direction of magnetic field vector, i.e.,
Eˆψ = Enψ, Pˆzψ = pzψ, Lˆzψ = ~lψ.
Then, in terms of cylindrical coordinates (r, ϕ, z), which are the most suitable ones in this case, the solution to the
Klein-Gordon equation has the form [11]
ψ(r, t) =
√
e0H√
L
√
2pi~c
e−iEnt/~eipzz/~eilϕIn,s(ρ). (A1)
The function In,s(ρ) in Eq. (A1) is defined by the Laguerre polynomials Q
l
s(ρ) with help of the following relation
In,s(ρ) =
1√
n!s!
e−
1
2
ρQn−ss ρ
n−s
2 , ρ =
e0H
2~c
r2.
Here n = l + s = 0, 1, 2, . . . is the principle quantum number, s = 0, 1, 2, . . . and l = 0,±1,±2, . . . are radial and
azimuthal quantum numbers.
The energy of a particle is written as
En = m0c
2Bn = m0c
2
√
1 + b2z + b
2
⊥, b⊥ = 2
√
µ0H
m0c2
(n+
1
2
),
where bz = pz/m0c is the projection of the momentum onto the direction of the field and µ0 = e0~/2m0c is the Bohr
magneton.
Matrix elements of the momentum operator of scalar particle have the form
〈ψm′ |Pˆx|ψm〉 = i
2
m0cb⊥(δm′−m,+1 − δm′−m,−1), (A2a)
〈ψm′ |Pˆy |ψm〉 = 1
2
m0cb⊥(δm′−m,+1 + δm′−m,−1), (A2b)
〈ψm′ |Pˆz |ψm〉 = m0cbzδm′m. (A2c)
APPENDIX B:
In the paper we use the solutions to the Dirac-Pauli equation
i~
∂ψ
∂t
= Hˆψ, Hˆ = c(α · Pˆ) + ρ3m0c2 + µaρ3(σ ·H),
where Pˆ = pˆ − (e/c)A is the kinetic momentum operator, A = (−Hy/2, Hx/2, 0), H is the external magnetic field,
µa = (α/2pi)µ0 is the anomalous part of electron magnetic moment, e = −e0 < 0 and m0 are the charge and rest
mass of electron.
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It is known [7] that in this case complete set of commuting operators characterizing the quantum state of the
particle consists of the Hamiltonian Hˆ , the projections of momentum operator Pˆ and total angular momentum
operator Jˆ = Lˆ+ 12~σ onto the direction of magnetic field vector which, for definiteness, is oriented along the Z-axis,
and polarization operator. According to [7], in a homogeneous magnetic field the operator
Πˆz = σz +
1
m0c
ρ2(σ × Pˆ)z + µaH
c
is taken as spin integral of motion characterizing the polarization of electron spin relative to the magnetic field vector.
Then we have
Hˆψ = Enζψ, Pˆzψ = pzψ, Jˆzψ = ~(l − 1
2
)ψ, (B1a)
Πˆzψ = ζbψ, ζ = ±1. (B1b)
In terms of cylindrical coordinates (r, ϕ, z), the wave function being a solution to the Dirac-Pauli equation and
satisfying Eqs. (B1) has the form [7]
ψ(r, t) =
√
e0H√
L
√
2pi~c
e−iEnζt/~eipzz/~ei(l−1)ϕf(ρ, ϕ), (B2)
where
f(ρ, ϕ) =

C1In−1,s(ρ)
iC2In,s(ρ)e
iϕ
C3In−1,s(ρ)
iC4In,s(ρ)e
iϕ
 .
Here n = l + s = 0, 1, 2, . . . is the principle quantum number, s = 0, 1, 2, . . . is the radial quantum number, and
l = 0,±1,±2, . . . is the azimuthal quantum number. In dimensionless form, the spin coefficients Ci are determined as
C1 =
ζ
2
√
1
2
(1 + ζ
1
b
)
[√
1 +
bz
Bnζ
+ ζ
√
1− bz
Bnζ
]
,
C2 =
ζ
2
√
1
2
(1− ζ 1
b
)
[√
1− bz
Bnζ
− ζ
√
1 +
bz
Bnζ
]
,
C3 =
ζ
2
√
1
2
(1 + ζ
1
b
)
[√
1 +
bz
Bnζ
− ζ
√
1− bz
Bnζ
]
,
C4 =
1
2
√
1
2
(1− ζ 1
b
)
[√
1 +
bz
Bnζ
+ ζ
√
1− bz
Bnζ
]
, (B3)
where the energy of electron is given by the expression
Bnζ =
Enζ
m0c2
=
√
b2z +
(√
1 + b2⊥ + ζ
µaH
m0c2
)2
, (B4)
bz =
pz
m0c
, b⊥ = 2
√
µ0H
m0c2
n, b =
√
1 + b2⊥.
Let us consider exact forms of all necessary matrix elements of the momentum and spin operators.
〈ψm′ζ′ |Pˆx|ψmζ〉 = i
2
m0cb⊥(δm′−m,+1 − δm′−m,−1)δζ′ζ ,
〈ψm′ζ′ |Pˆy|ψmζ〉 = 1
2
m0cb⊥(δm′−m,+1 + δm′−m,−1)δζ′ζ ,
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〈ψm′ζ′ |Pˆz |ψmζ〉 = m0cbzδm′mδζ′ζ ,
〈ψm′ζ′ |Sˆx|ψmζ〉 = i
2
(b − ζ(δm′−m,+1 − δm′−m,−1))(δm′−m,+1 − δm′−m,−1)δ−ζ′ζ ,
〈ψm′ζ′ |Sˆy|ψmζ〉 = 1
2
(b − ζ(δm′−m,+1 − δm′−m,−1))(δm′−m,+1 + δm′−m,−1)δ−ζ′ζ ,
〈ψm′ζ′ |Sˆz|ψmζ〉 = (ζ Bnζ
b
δζ′ζ +
b⊥bz
b
δ−ζ′ζ)δm′m,
〈ψm′ζ′ |Sˆ0|ψmζ〉 = (ζ bz
b
δζ′ζ +
Bnζb⊥
b
δ−ζ′ζ)δm′m.
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